Finite innately transitive permutation groups include all finite quasiprimitive and primitive permutation groups. In this paper, results in the theory of quasiprimitive and primitive groups are generalised to innately transitive groups, and in particular, we extend results of Praeger and Shalev. Thus we show that innately transitive groups possess parameter bounds which are similar to those for primitive groups. We also classify the innately transitive types of quotient actions of innately transitive groups.
Introduction
A finite permutation group G acting on a set £2 is said to be innately transitive if it contains a transitive minimal normal subgroup. We call such a subgroup a plinth for G. Now G can have at most two transitive minimal normal subgroups (see [1, Lemma 5 .1]), and if it has two, then there is an element in the normaliser of G that interchanges them. So up to permutational isomorphism, any of the at most two minimal normal subgroups of G can be taken to be the plinth of G. Innately transitive groups have been studied in depth by the author in work coauthored with Praeger [1] , and their interest and application is outlined in the introduction of [1] .
Let G be a group acting on a set ft, and suppose 8$ is a G-invariant partition of ft. Then the action of G on & is called a quotient action of G. A quotient action is essentially the image of a permutational transformation, which is an 'intertwiner' between two group actions and exists categorically as the natural weakening of a permutational isomorphism. Similar objects have been widely studied in homological algebra and representation theory, and they provide a more general context for results on quotient actions.
A transitive permutation group G on a finite set Q is imprimitive if there exists a nontrivial G-invariant partition 38 of £1 (that is, 1 < \&\ < \£l\). A transitive permutation group is primitive if it is not imprimitive. Every nontrivial normal subgroup of a primitive group is transitive (see [3, Theorem 1 .6A]), but the converse is not true. A finite permutation group G is called quasiprimitive if every non-trivial normal subgroup of G is transitive. Every primitive group is quasiprimitive, and every quasiprimitive group is innately transitive. The similarity in the structure theorems for primitive groups (see [5] ), quasiprimitive groups (see [6] ), and innately transitive groups (see [1] ) indicate that results on the properties of primitive groups might also be true for quasiprimitive and innately transitive groups. However, a quasiprimitive group has at most two minimal normal subgroups, but for an arbitrary integer k, there exist innately transitive groups which have at least k minimal normal subgroups. Recently, Heath-Brown, Praeger, and Shalev [4] have proved that for most positive integers n, the only finite innately transitive permutation groups of degree n are A n and S n in their natural action (which are primitive groups).
It was the study of properties of quasiprimitive groups by Praeger and Shalev (see [10] ) that motivated this paper. Their goal was to generalise classical results about finite primitive permutation groups to quasiprimitive ones. Our goal is similar, in that we lift results on quasiprimitive groups to the context of innately transitive groups. Given an imprimitive quasiprimitive group G acting on a finite set £2, there exists a maximal G-invariant partition & of Q. The finite permutation group G m induced by the action of G on £8 is primitive and isomorphic to G. Praeger and Shalev's technique, in almost all of their results, was to analyse this special type of quotient action and transfer classical results about primitive groups to quasiprimitive groups via this natural correspondence. In this paper, we find that a similar technique can be used for innately transitive groups. If G is innately transitive but non-quasiprimitive, the permutation group induced by the action of G on the orbits of the centraliser of the plinth is quasiprimitive. Hence we can transfer some results on quasiprimitive groups to innately transitive groups via this correspondence.
In this paper, we analyse bounds, innately transitive types, and other properties of innately transitive groups. We already know from [1] some useful properties of innately transitive groups. LEMMA 1.1. Let G be an innately transitive group on a set Q with plinth K, and let a e £2. Then we have the following: [3] Bounds and quotient actions of innately transitive groups 97
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It is also true that if C G (K) is transitive, then G is primitive (see [1, Lemma 5 .1]). The above properties are essentially properties of the quotient action of G on the orbits of the centraliser of the plinth. Similar results also hold for abstract permutational transformations (see Section 5) .
In the subsequent three sections, we give a brief account of the structure of innately transitive groups, we revise some background theory and conventions, and provide some examples of innately transitive groups which we use to prove later results. In Section 5, we give an expository summary of the definitions and elementary properties of permutational transformations. Our goal in Sections 5-8 is to state and prove a theorem which encapsulates seven generalisations of results from [10] . Finally, in Section 9, we give a complete account of the innately transitive types of quotient actions of innately transitive groups, in a similar manner to that of Praeger's [7] investigation of quotient actions of quasiprimitive groups.
The structure of innately transitive groups
, The O'Nan-Scott Theorem (see [5] ) is a result that partitions the finite primitive groups into eight disjoint types (see also [8] ). Praeger's theorem for quasiprimitive groups is analogous to the O'Nan-Scott Theorem and partitions the finite quasiprimitive groups in a similar way to the case subdivision of finite primitive groups (see [8] ). However the case subdivision used to describe innately transitive groups in [1] 
Some background theory
In this section, we revise some standard background material. We will assume that the reader is familiar with the basics of permutation group theory, such as the well known fact that if G acts transitively on a set Q, a is a point of Q, and K is a transitive subgroup of G, then G = KG a (see Dixon and Mortimer's book [3] for an introduction to permutation group theory). Throughout this paper, we will use the standard notation G z to mean the permutation group induced by the action of G on S.
The holomorph of a group X is the semidirect product X x Aut(X) and is denoted Hol(X). Furthermore, the normaliser of X in Sym(X) is isomorphic to Hol(X), and Hol(X) acts naturally on X in that X acts on itself by right multiplication (see [1, Section 2] ). Let G be a finite innately transitive permutation group on a set £2 with plinth K, and suppose K is regular. Then it is well-known (see [1, Section 2] ) that G is permutationally isomorphic to a subgroup of Hol(/0 in its natural action on K.
Let fl,e/ " ' b e a direct product of groups. Yi is an isomorphism from G onto //,. For every group H and integer n, the set {(A, h,..., h) : /i € //} is a full diagonal subgroup of H" called the the straight diagonal subgroup of H", which we will denote by Diag(//").
A base of a permutation group G < Sym(fi) of degree n, is a subset of £2 that has a trivial pointwise stabiliser in G. Let b%(G) denote the minimal base size of G acting on E. The minimal degree m n (G) of a permutation group G < Sym(J2) is the minimum number of points moved by a nontrivial element of G.
Some examples
Here we give some examples of innately transitive groups which are not only useful in understanding the nature of innately transitive groups, but which will also serve as constructions for the proof of a result (Theorem 9.2) on the quotient actions of innately transitive groups. 
Permutational transformations
Let G be a group acting on a set ft and let H be a group acting on a set r. Then (0, fi) is a permutational transformation from G on £2 to H on F if 6 : G -»• // is a group homomorphism and fi : ft -• T is a function such that for all g e G and co e Q, we have the intertwining relation (&>*)//. = (co)fj.^g )e . We say that (0, /z) is a permutational isomorphism if 0 and n are both bijections. Note that in the above definition, if G acts faithfully on £2, it may not be true that (G)6 acts faithfully on (Si)fi. The kernel of the action of (G)6 on (£2)/z is the image of E = {g € G : (&/)/z = (<W)A4, for all a> e Q) under 0. We say that (0, fi) is a faithful permutational transformation if £ = ker#; that is, (G)0 acts faithfully on (ft)/*. Recall that if/ is a function with domain ft, then a fibre off is a preimage of a point in the image of/. If co e ft, then we denote the / -preimage of (co)f by [eo] f . Now if 38 is a G-invariant partition of ft, then there is an induced action of G on 8$. This is called a quotient action of G. We can reframe this concept in terms of permutational transformations. Let E be the kernel of the action of G on ^, and consider the faithful projective action of G/E on 38. (If G acts on a set E and N is a normal subgroup of G contained in the kernel of the action of G on E, then the projective action of G/N on E is defined by a Ng := or* for all a e E and Ng e G/N.) Let 6 : G -• G/E be the canonical projection homomorphism and let fi : ft -• ^ be the map which selects for each element of ft, the unique part of 38 it belongs to. Then (0, /x) is a faithful permutational transformation from the action of G on ft to the quotient action of G on 38. Conversely, given a permutational transformation (6, /z) with domain G acting on ft, the fibres of fx form a G-invariant partition 38 of ft, and it follows from the proposition below that the permutation group induced by the action of G on 38 is permutationally isomorphic to the action of (G)0 on (ft)/x. )n, = (co)fx. So (co)fi (g)e = (o>)/x and therefore (g)9 = 1.
Thus g e ker 9 and G/ ker 9 is semiregular on Q.
(3) Suppose G is innately transitive on Q with plinth K. Assume that (K)9 = 1 and fix a point co e £1. Since K is transitive, every element of £2 is of the form co 1 for some use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700009356
John Bamberg [8] y e K. Hence every element of (£2)/z is of the form (co y )iJ, = (co)ix we = (co)/x and thus (Q)fx has only one element. This implies that (G)0 is the trivial group (as it acts faithfully on (Cl)fi), which is a contradiction. Therefore (K)0 is a nontrivial normal subgroup of (G)0 (as K is a normal subgroup of G). If M is a normal subgroup of (G)6 contained in (K)6, then the preimage of M under 6 is a normal subgroup of G contained in AT. It then follows that (K)6 is a minimal normal subgroup of (G)0. By (1), (K)0 is transitive on (ft)ju, and hence (G)9 is innately transitive on (fi)/z with plinth (K)9.
(4) Suppose G n is primitive. Then the fibres of /x are trivial as they form a G-invariant partition of £2 and (6, fi) is faithful. Since 0 is nontrivial, it follows that [o>] M -{o>} for all co € £2. Hence /x is injective and thus ker0 = 1 (as (0, /x) is faithful). By Theorem 5.1, we have that G n is permutationally isomorphic to (G)# <n)M .
• Similarly, one can prove that 2-transitivity and quasiprimitivity are preserved by permutational transformations and we leave this as an exercise for the reader. Now suppose a group G acts transitively on a set f2, and (6, fi) is a faithful permutational transformation from G on Q to the action of a group H on a set A. Recall that if K is a transitive normal subgroup of G and a e fi, then G = KG a . Suppose that we have another homomorphism 0' : G -*• H such that (6', ix) is a permutational transformation where the restriction of 0' to K is equal to the restriction of 6 to K. Then for all y e K and g e G a , we have 6 ) n (G o )0 = 1 and (g)fl = (g)0'. Therefore 0 = 6' as G = KG a . Hence every faithful permutational transformation with domain G acting on fi, is determined by its action on a transitive normal subgroup K. So we see that the faithful permutational transformations whose domain G is innately transitive, are completely determined by the plinth of G.
((K)9) D (G a )0. Note that for all h e G a , we have (a)fM (h)e = (a*)^ = (ot)/A and hence every element of (G a )0 fixes (a)/x. Similarly (G a )0' fixes (a)yu.. By Lemma 5.2, (K)6 is innately transitive on (£2)M and hence C(Ofl((^)5) is semiregular (by Lemma 1.1 (5)). So it follows that C (C)e ((K)

Generalising Praeger and Shalev's results
In Praeger and Shalev's paper [10] , they extend classical results of primitive groups to quasiprimitive groups. These results include bounds on the order of a quasiprimitive group in terms of its degree, a bound on the number of fixed points of a quasiprimitive use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700009356 group containing special permutations, a bound on the base size of a quasiprimitive group, and a bound on the minimal degree of a quasiprimitive group. Praeger and Shalev also give a nice exposition of the literature in [10] , which we do not repeat here.
Below REMARKS. The bound in (3), which was originally found by Bochert [2] for primitive groups, is reasonably accurate for small degrees and was the best bound of its time (circa 1889). The bound in (4), found by Praeger and Saxl [9] for primitive groups, has the advantage that it has a simple algebraic expression and holds for all innately transitive groups. Cameron's bound, which is generalised as (5) above, is asymptotically the best of the bounds above on the orders of primitive groups. However, its proof depends on the Classification of Finite Simple Groups.
is quasiprimitive; (3) either \G\ < n\/{(n + l)/2)! or G contains A n \ (4) either \G\ < 4" or G contains A n \ (5) there exist constants d and d' such that either
Preliminary results
In order to prove Theorem 6.1, we will need some basic facts first. The lemma below generalises (2) and (5) 9 is a bijection and it induces a natural action of G/ker9 on F M which is permutationally isomorphic to the action of G/ker6 on E given above. Therefore, by the First Permutational Isomorphism Theorem, the action of (G)6 on (ft)/x is permutationally isomorphic to the action of G/kexO on the orbits of ker0.
Since K is transitive, we have that (K)6 is transitive by Lemma 5.2. So K is not contained in ker# (as (K)6 is nontrivial) and hence by the minimality of K, we see that ker# is a normal subgroup of G that intersects K trivially. It then follows that ker0 centralises K.
Let a be a point in ft and let A = a**' • We will frequently make use of the following lemma in the proof of Theorem 6.1. Praeger and Shalev showed that if G is a quasiprimitive group on a set Q, and 88 is a G-invariant partition for G in £2, then fen(G) < b&{G). They used the fact that G acts faithfully on 5$, which does not necessarily hold for an arbitrary innately transitive group. Similarly, they showed that the the minimal base size of G on Q is no less than s • m m (G) where 5 is the size of a block in 38. A more general result can be achieved in the context of faithful permutational transformations. •
The following result will be used to settle a case in the proof of Theorem 6.1(7).
LEMMA 7.4. Letn > 5 and consider the natural action of Aut(A n ) on A". Consider
PROOF. First we assume that n ^ 6 and identify the action of Aut(A n ) with the conjugation action of S n on A n . Since Aut(A n ) < Hol(A n ), it is clear that m(Hol(A,)) < m(Aut(i4 n )). Let g e Hol(A n ) such that g ^ 1 and g permutes m(Hol(A n )) points. Since Hol(A n ) is transitive, we may assume that g fixes the identity of A n and hence g € Aut(A n ). So m(Hol(A n )) > m(Aut(A n )) and therefore /n(Hol(A n )) = m(Aut(A n )). By the definition of the action, g fixes exactly |C,4 n (g)| points and so m(Hol(A n )) = \A n \ -\C An (g)\. By the definition of minimal degree, |C/» B (g)| is the maximum number of fixed points over all g e Aut(A n ) with g ^ 1. Let r be the automorphism induced by the transposition (n -1, n). Since (n -1, n) centralises itself and A n _ 2 , we have that x has (n -2)! fixed points. So/w(Aut(A n )) < n!/2 -(n -2)!. It is clear that the transpositions of S n centralise the most number of elements of A n . Therefore m(Aut(AJ) = n!/2 -(n -2)!.
It can be calculated using a computer program such as GAP, that (*) holds for n = 6. Therefore (*) holds for all n > 5.
•
Proof of Theorem 6.1
We can finally prove Theorem 6.1.
use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700009356
PROOF. We prove the parts of Theorem 6.1 consecutively. Let K be the plinth of G, let c = \C G (K)\, and let ¥? be the set of C G (A>orbits in SI.
(1) Let g e G be a p-cycle of £2. Let a\,a 2 a p e Q be such that a\ = a 2 ,..., a*_, = a p and a* = a v For all / = l,...p, let A, = af c{K) . Now if |£2| = p, then G is clearly primitive (since the size of a block for G divides the size of Q). Suppose \Sl\ > p. Since C G (K) is semiregular, g <£ C G (K) and hence G j£ C G (K) . By Lemma 1.1 (4), K acts faithfully on "tf and hence G acts nontrivially on ^. Also, C G (K) is the kernel of the action of G on ^ (by Lemma 1.1 (4)) and hence g induces a p-cycle A ] , . . . , A,, on tf.
Now the points in the union of the A, must consist wholly of elements of the p-cycle, ot\,..., a p , otherwise g would fix a point in one of the A, and hence fix an orbit in its action on ^ (and the A, would not be pairwise distinct). So the size of the orbits must divide p. Since the A, are distinct, the orbits in *€ must be singleton sets, and hence C G (K) = 1. Therefore G is quasiprimitive by Lemma 1.1 (1) and so G is primitive by the proof of Praeger and Shalev's result [10, Theorem 2.1].
(2) Suppose that G is not quasiprimitive, so by Lemma 1.1 (1), 1 < c < n. Let g e G be an element of order p with q cycles of length p in Q. (where 2 < q < p), and let/ be the number of fixed points of g in Q, that is, / = n -qp. Iff = 0, that is n = qp, then (i) holds. Suppose/ > 0. Then g £ C G (K) since Cc(K) is semiregular and g fixes at least one point. So by Lemma 1.1 (4), G acts nontrivially on ^ with kernel C G (^T) and hence g ^ 1 and each cycle of g of length p in ^ corresponds to c cycles of length p of g in Q. Since q < p, it follows that g has q' = q/c < p cycles of length p in ^, and/' = f/c fixed points in ^. Now G* acts quasiprimitively on ^, and so by Praeger and Shalev's result, one of the following holds:
In the first case, f/c < 5q/2c -2 and hence / < 5q/2 -2c < 5q/2 -2, so (i) holds. Suppose now that (b) holds. By Lemma 7. So assume now that A n/c C G*'. By Lemma 7.2, one of the following holds: G is quasiprimitive, G is isomorphic to a subgroup of (A n/C _i x A n/c ).2, or n = 15 and c = 3. In the first case, the result holds by [10, Theorem 4.2] . In the latter case, \G\ = c\G*\ < 3-5! = 360 < 4 15 . In the case that G is embedded in (A n/C _, xA n/c ).2, recall that n = (n/c)l/2 since the plinth A n/C is regular, and hence |G| < n 2 /2. Now n (->• 4" -n 2 is an increasing function on the natural numbers, and is equal to 3 when n = 1. So 4" -n 2 > 0 for all positive integers n and hence \G\ < 4". , where G\ is the stabiliser in G of the identity element, and induces an innately transitive group on 38 with plinth K. Since M is a point stabiliser for the plinth in this action, and M is nontrivial and not subdirect, it follows that G m is of Product Action type. Therefore, examples exist for each checked entry in Table 3 .
